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ABSTRACT
In time-distance helioseismology, the time signals (Doppler shifts) at two
points on the solar surface, separated by a fixed angular distance are cross-
correlated, and this leads to a wave packet signal. Accurately measuring the
travel times of these wave packets is crucial for inferring the sub-surface proper-
ties in the Sun. The observed signal is quite noisy, and to improve the signal-to-
noise ratio and make the cross-correlation more robust, the temporal oscillation
signal is phase-speed filtered at the two points in order to select waves that travel
a fixed horizontal distance. Hence a new formula to estimate the travel times is
derived, in the presence of a phase speed filter, and it includes both the radial
and horizontal component of the oscillation displacement signal. It generalizes
the previously used Gabor wavelet that was derived without a phase speed filter
and included only the radial component of the displacement. This is important
since it will be consistent with the observed cross-correlation that is computed
using a phase speed filter, and also it accounts for both the components of the
displacement. The new formula depends on the location of the two points on
the solar surface that are being cross correlated and accounts for the travel time
shifts at different locations on the solar surface.
Subject headings: Sun: oscillations; Sun: phase speed; Sun: spherical harmonics
1. Introduction
Time-distance helioseismology (Duvall et al. 1993) constructs wave packets by cross-
correlating time signals between any two points separated by a fixed horizontal angular
distance on the solar surface. It then measures their travel time between the two points,
by fitting a Gabor wavelet to the observed temporal cross-correlation (Kosovichev & Duvall
1997). This travel time is then inverted to study different properties (Kosovichev 1996; Zhao
2004) (e.g. sound speed perturbations, subsurface flows, meridional circulation) in the solar
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interior that influence the wave packet, which cannot otherwise be studied by the global
oscillations. The success in applying the technique depends on being able to design a phase
speed filter of a certain width, that selects acoustic waves within a certain range of horizontal
phase speeds, and this improves the signal-to-noise ratio (Duvall et al. 1997). Waves with
the same horizontal phase speed travel the same horizontal distance on the solar surface,
and therefore can be collectively used to probe the sub-surface features in the Sun, since
they sample the same vertical depth inside the Sun. The filtering operation is carried out
in the frequency domain, and it improves the signal-to-noise ratio by removing unwanted
signals and waves that deviate a lot from the chosen phase speed, as these do not contribute
to the cross-correlation, but instead can degrade it, and make the estimation of travel times
inaccurate. The phase speed filter has a Gaussian shape centered at the desired phase speed,
which is chosen to study waves traveling a particular horizontal distance.
Previous approaches to measuring the travel time between any two points was by fit-
ting a Gabor wavelet (Kosovichev & Duvall 1997) to the measured cross correlation. This
wavelet was derived by assuming that the amplitude of the solar oscillations has a Gaussian
envelope in frequency of a certain width and peaked at a frequency where the power of
the solar p-modes is concentrated, and moreover it considered only the radial component of
the displacement. However, during data processing a phase speed filter is used. Also, the
observed displacement on the solar surface has both radial and horizontal components. The
horizontal component usually is ignored in the travel-time measurements. We show that
it has a significant effect, particularly, for measurements far from the disk center and for
moderate horizontal distances, contributing to systematic errors.
To remove the shortcomings, we derive a new analytical cross-correlation wavelet that
incorporates the phase speed filter, and also includes both the radial and horizontal com-
ponents of the Doppler velocity oscillation signal. This wavelet retains the structure of the
Gabor wavelet, and is a function of the filter parameters: central phase speed and width, and
also on the amplitude, phase and group travel times that depend on the oscillation proper-
ties and the dispersive nature of the solar medium. By including the horizontal component
in the cross-correlation we also see a dependency on the location of the two points being
cross-correlated, and moreover, the cross-correlation due to the horizontal component is a
weighted sum of phase speed filtered Gabor wavelets, with the weights depending on the
location of the cross-correlated points, the horizontal travel distance and the angular degree.
Comparing this with the original Gabor wavelet formula (Kosovichev & Duvall 1997)
we can estimate how the phase-speed filter and the horizontal component shift the measured
travel times. For the line depth and intensity observations, that only have a scalar (radial)
component, in the weakly dispersive limit which is true for wave packets that probe the deeper
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layers in the Sun and travel large horizontal distances on the solar surface, corresponding to
small values of angular degree both formulae are similar. Hence, using the old Gabor wavelet
in this regime should not effect the travel time measurements due to the phase speed filtering.
On the other hand, wave packets constructed by cross-correlating time signals separated by
a small horizontal distance, are distorted by the dispersive medium in the outer layers of the
Sun, and, hence, the new formula should be used to account for the travel time shifts due to
the phase-speed filtering procedure.
2. Cross-correlation of Phase Speed Filtered Signals
2.1. Scalar intensity and line depth filtered signal
In this section, we generalize the fitting formula of (Kosovichev & Duvall 1997) by
including the phase-speed filtering. We first consider acoustic waves, that are observed by
measuring either intensity fluctuations or line depth observations on the solar surface. They
are represented as a sum of standing waves or normal modes at a point ~r = (r, θ, φ) in the
solar interior and time t, and can be written as
h(r, θ, φ, t) =
∑
n,l,m
anlmψnlm(r, θ, φ) exp {i(ωnlmt− αnlm)} (1)
where, i =
√−1, and each normal mode is specified by a 3-tuple (l, m, n) of integer param-
eters, corresponding angular frequency ωnlm, the mode amplitude anlm, the phase αnlm and
the spatial eigenfunction ψnlm(r, θ, φ) as a function of the radial variable r and the angular
variables (θ, φ). The integer l denotes the degree and m the azimuthal order, −l ≤ m ≤ l,
of the spherical harmonic
Y ml (θ, φ) = clmP
m
l (cos θ) exp(imφ), (2)
which is a function of the co-latitude θ and longitude φ. Here, Pml is a Legendre function, and
clm is a normalization constant. These describe the angular structure of the eigenfunctions.
The third integer n of the 3-tuple (l, m, n) is called the radial order.
For a spherically symmetric Sun the eigenfunctions ψnlm(r, θ, φ) can be separated into
a radial function χnl(r) and an angular component Y
m
l (θ, φ) (Unno et al. 1989). This repre-
sentation is valid for example for the scalar intensity observations,
ψnlm(r, θ, φ) = χnl(r)Y
m
l (θ, φ) (3)
and also all modes with the same n and l have the same eigenfrequency ωnl, regardless of
the value of m. In reality the Sun is not spherically symmetric, that causes this degeneracy
in m to be broken.
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In time-distance helioseismology we measure the travel time of wave packets by forming
a temporal cross-correlation between the oscillation signals at two locations separated by an
angular distance on the solar surface r = R, where R is the solar radius. To model this
we represent the solar oscillations on the solar surface as a linear superposition of normal
modes, that are band-limited in angular frequency ω.
H(R, θ, φ, ω) = 2π
∑
n,l,m
anlmχnl(R)Y
m
l (θ, φ) exp(−iαnlm)δ(ω − ωnlm) (4)
where H(R, θ, φ, ω) is the temporal Fourier transform (Bracewell 1999) of equation (1). We
ignore mode damping and assume spherical symmetry, hence we can replace ωnlm by ωnl and
invoke the band-limited nature of the solar spectrum, (Kosovichev & Duvall 1997; Giles
1999), by setting anlmχnl(R) = Gl(ω), and we obtain from equation (4) the frequency band-
limited signal Hg(R, θ, φ, ω) = H(R, θ, φ, ω)Gl(ω)
Hg(R, θ, φ, ω) = 2π
∑
n,l,m
Gl(ω)Y
m
l (θ, φ) exp(−iαnlm)δ(ω − ωnl) (5)
where, the Gaussian frequency function Gl(ω) captures the band-limited nature of the am-
plitude of the solar modes, and is given by
Gl(ω) = bl exp
(
−(ω − ωo)
2
δω2
)
(6)
The band-limited nature of the modes is controlled by the width δω, and a central frequency
ωo, where the power of the modes is peaked in the ω − l diagram. These two parameters
change for different data sets, that probe different regions of the solar interior.
A phase speed filter is applied to the signal to select modes from the ω − l diagram
for the purpose of constructing the cross-correlation wave packet. The phase speed filter is
specified by a Gaussian centered around a phase speed Vph and a width δVph as parameters,
and is given by
Fp(Vp) = exp
(
−(Vp − Vph)
2
δV 2ph
)
(7)
Where, the phase speed Vp =
ω
L
, L =
√
l(l + 1) = khR, kh is the horizontal wave number.
The role of the phase speed filter is to select waves with a small range of phase speeds,
the range is specified by the width δVph. All these waves travel almost the same horizontal
distance on the solar surface, and sample approximately the same vertical depth in the solar
interior. Hence, it is crucial to select δVph appropriately so as to increase the signal-to-noise
ratio in the cross-correlation function, and hence be able to better resolve the sub-surface
structures in the Sun.
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Due to the band-limited nature of the oscillation amplitudes, only values of L which
are close to Lo =
ωo
Vp
contribute to the sum in equation (5), and hence we Taylor expand L
about the central frequency ωo, upto first order:
L = L(ω) = L [ωo + (ω − ωo)] ≈ L(ωo) + dL
dω
(ω − ωo) (8)
The equation (8) can be written in terms of the angular group velocity Ug =
dω
dL
and angular
phase velocity Vp =
ω
L
, evaluated at ω = ωo, and using the fact L(ωo) =
ωo
Vp
, we have
L(ω) ≈ ω
Ug
+
(
1
Vp
− 1
Ug
)
ωo (9)
Likewise, the phase velocity Vp(L, ω) can be expanded about the point (Lo, ωo) in the
ω − l diagram to yield
Fp(L, ω) ≈ exp

−V 2ph
(
L− ω
Vph
)2
δ2f

 (10)
where, δf =
ωoδVph
Vph
, and the filter width δVph is evaluated at (Lo, ωo), and is a constant.
Phase speed filtering takes place in the frequency domain and consists of multiplying
the filter function Fp(L, ω) with the band-limited Fourier transformed signal Hg(R, θ, φ, ω)
from equation (5).
Hfp(R, θ, φ, ω) = 2π
∑
n,l,m
Fp(L, ω)Gl(ω)Y
m
l (θ, φ) exp(−iαnlm)δ(ω − ωnl) (11)
Equation (11) can be inverse Fourier transformed to yield the phase speed filtered temporal
signal hfp(R, θ, φ, t) at a point ~R = (R, θ, φ) on the solar surface. This signal now consists
of a superposition of modes that lie in a region of the ω− l diagram, that is the intersection
region of the frequency band-limited Gaussian envelope of the solar modes and the phase
speed filter.
hfp(~R, t) =
∑
n,l,m
Fp(L, ωnl)Gl(ωnl)Y
m
l (θ, φ) exp(−iαnlm) exp(iωnlt) (12)
The temporal cross-correlation function ψfp(∆, τ) of the phase speed filtered signal
hfp(R, θ, φ, t) between two points A and B having coordinates ~R1 = (R, θ1, φ1) and ~R2 =
(R, θ2, φ2) respectively on the solar surface with a fixed angular separation distance ∆, as a
function of the time lag τ is
ψfp(∆, τ) =
1
T
T∫
0
hfp(~R1, t)h¯fp(~R2, t+ τ)dt (13)
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where, h¯fp is the complex conjugate of the phase speed filtered signal hfp , and T is the length
of the time series.
Substituting the expression for hfp(~R, t) from equation (12) into equation (13) one gets
after applying the orthonormality of exp(−iωnlt) in the temporal integral in equation (13)
ψfp(∆, τ) =
∑
n,l
F 2p (L, ωnl)G
2
l (ωnl) exp(−iωnlτ)
∑
m
∑
m′
Y ml (θ1, φ1)Y¯
m′
l (θ2, φ2) exp {−i(αnlm − αnlm′)}
(14)
where, Y¯ m
′
l (θ2, φ2) is the complex conjugate of Y
m′
l (θ2, φ2). Since the phases are random, we
assume that the term exp {−i(αnlm − αnlm′)} in the double sum for m and m′ is zero except
when m = m′. In this case equation (14) becomes
ψfp(∆, τ) =
∑
n,l
F 2p (L, ωnl)G
2
l (ωnl) exp(iωnlτ)
∑
m
Y ml (θ1, φ1)Y¯
m
l (θ2, φ2) (15)
We can simplify equation (15) by applying the addition theorem of spherical harmonics
(Jackson 1999)
∑
m
Y ml (θ1, φ1)Y¯
m
l (θ2, φ2) =
(2l + 1)
4π
Pl(cos∆) ≈ L
2π
Pl(cos∆) (16)
where, Pl is the Legendre polynomial of order l, L =
√
l(l + 1) ≈ l+1
2
for large l (Christensen-Dalsgaard
2003), and ∆ is the angular distance on the solar surface between the two points A (θ1, φ1)
and B (θ2, φ2), and is (see Appendix A equations (49) and (50), Appendix D, Figure 6 and
Appendix E, Figure 8)
cos∆ = cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ1 − φ2) (17)
We can approximate for large l, small ∆, such that L∆ is large (Jackson 1999)
Pl(cos∆) ≈ J0
[
(2l + 1) sin
(
∆
2
)]
≈
√
2
πL∆
cos
(
L∆− π
4
)
(18)
where, J0 is the Bessel function of the first kind. With this approximation from equation
(18), the addition theorem in equation (16) becomes
∑
m
Y ml (θ1, φ1)Y¯
m
l (θ2, φ2) =
2√
π∆
1
2π
√
L
2
cos
(
L∆− π
4
)
(19)
Using equation (19), the equation (15) for the phase speed filtered cross-correlation becomes
after taking the real part
ψfp(∆, τ) =
∑
n,l
2√
π∆
1
2π
√
L
2
F 2p (L, ωnl)G
2
l (ωnl) cos(ωnlτ) cos
(
L∆− π
4
)
(20)
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The double sum in equation (20) can be reduced to a convenient sum of integrals if we
regroup the modes so that the outer sum is over the phase speed Vp =
ωnl
L
, and the inner
sum is over ωnl (Kosovichev & Duvall 1997; Giles 1999). The expression for ψfp(∆, τ) is an
even function of τ , so we get an identical expression if we replace τ by −τ (negative time
lag). The product of cosines in equation (20) can be transformed by using the trigonometric
identity, and this results in
ψfp(∆, τ) =
∑
Vp
1√
π∆
1
2π
√
L
2
∑
ωnl
F 2p (L, ωnl)G
2
l (ωnl)
[
cos
(
ωnlτ − L∆+ π
4
)
+ cos
(
ωnlτ + L∆− π
4
)]
(21)
In equation (21) we let f+(ωnlτ) = cos
(
ωnlτ − L∆+ pi4
)
corresponding to the positive time
lag τ and f−(ωnlτ) = cos
(
ωnlτ + L∆− pi4
)
corresponding to the negative time lag −τ . Since
cosine is an even function, it is seen that f−(ωnlτ) = f+(−ωnlτ), hence we can drop f−(ωnlτ)
from equation (21), while extending the sum to negative values of ωnl. We now substitute
the expressions for the Gaussian envelope frequency function and the phase speed filter from
equations (6) and (10) respectively into equation (21) and since ωnl is a dummy variable in
the inner sum, it is replaced by ω for notational convenience. Moreover, the inner sum over
ωnl can be replaced by an integral over ω, hence the discrete inner sum in equation (21)
becomes
ψfp(∆, τ, Vp) =
∞∫
−∞
dω exp

−2V 2ph
(
L− ω
Vph
)2
δ2f

 exp [− 2
δω2
(ω − ωo)2
]
cos
(
ωτ − L∆+ π
4
)
(22)
The integral in equation (22) is negligible for large frequencies hence there is very little error
made in extending the frequency limit to ∞ and −∞. Here, we choose the coefficient bl for
the Gaussian envelope function, such that
b2l = 2π
√
2
L
(23)
In order to evaluate the integral in equation (22) we Taylor expand L, and using the
linear dispersion relation from equation (9) we get(
L− ω
Vph
)
≈ ω
(
1
Ug
− 1
Vph
)
− ωo
(
1
Ug
− 1
Vp
)
(24)
(ωτ − L∆) ≈ ω (τ − τg)− ωo(τp − τg) (25)
where, the group travel time is defined as τg =
∆
Ug
and phase travel time τp =
∆
Vp
.
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Substituting equations (24) and (25) into the exponent of the phase speed filter and
the argument of the cosine term respectively in equation (22), and carrying out the integral
(Gradshteyn and Ryzhik 1994), which is bounded since the exponentials decay at both the
limits of integration, with some algebra yields
ψfp(∆, τ, Vp) = Afp(δω, δf , τ, τg, τp) cos
{(
Rg(τg − τp)
τph
+ ε2
)
ωo(τ − τg)
R2g + ε
2
+ ωo(τg − τp) + π
4
}
(26)
Where, Rg =
τg−τph
τph
and Rp =
τp−τph
τph
are dimensionless quantities representing the relative
deviation of the group and phase travel times respectively from the filter phase travel time,
τph =
∆
Vph
and ε2 =
δ2
f
δω2
.
Afp =
√
π
2
δω ε√
R2g + ε
2
exp
{
− δω
2ε2
8(R2g + ε
2)
(
(τ − τg)2 +
16ω2oR
2
p
δω4ε2
)}
(27)
The argument of the cosine term can be written as(
Rg(τg − τp)
τph
+ ε2
)
ωo(τ − τg)
R2g + ε
2
+ ωo(τg − τp) = ωfp(τ − τfp) (28)
where, the shifted frequency, ωfp = ωo(1−Rgpε) and the shifted phase travel time due to the
phase speed filter is
τfp = τp −
Rgpε
1− Rgpε (Rg − Rp)τph (29)
The dimensionless parameter Rgpε =
RgRp
R2g+ε
2 is zero in the absence of phase speed filtering,
which occurs when the filter width tends to infinity or in the non-dispersive limit when
Rg = Rp = 0. Also from equation (29) we see a shift in the phase travel times due to the
phase speed filtering, which tends to zero when Rgpε tends to zero. Also if we choose Vph to
be either Vp or Ug, then the effect of phase speed filtering can be removed since Rg = Rp = 0.
Summing equation (26) over phase velocities we get the final cross-correlation.
ψfp(∆, τ) =
∑
Vp
1√
π∆
ψfp(∆, τ, Vp) (30)
In the non-dispersive limit when Rg = Rp = 0, that is τg = τp = τph, or in the limit of no
phase speed filtering, large ε, equations (26) and (27) reduce to the original Gabor wavelet
formula
ψfg(∆, τ, Vp) = δω
√
π
2
exp
[
−δω
2
8
(τ − τg)2
]
cos
[
ωo(τ − τp) + π
4
]
(31)
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In previous papers (Kosovichev & Duvall 1997; Giles 1999), the factor of pi
4
has been ab-
sorbed in the phase travel time. By defining the phase travel time τ
′
p = τp − pi4ωo , the
Gabor wavelet in equation (31) reduces to the familiar form with the sinusoidal part being
cos
[
ωo(τ − τ ′p)
]
.
We conclude that while the phase-speed filtering procedure does not change the func-
tional form of the basic time-distance helioseismology fitting formula, it systematically shifts
the travel times, if the filter parameter, Vph, is different from the actual phase or group
speeds for a given distance.
2.2. Effect of Line-of-Sight Doppler Velocity Measurements
We now consider the Doppler shift observations which are commonly used in helioseis-
mology. The Doppler velocity depends on both the radial and horizontal components of the
displacement. For simplicity, we take the axis of the spherical harmonics to be in the plane
of the sky, orthogonal to the line of sight.
The displacement vector ~d(~r, t) at location ~r = (r, θ, φ) and time t is written for the
spherically symmetric Sun as (Christensen-Dalsgaard 2002)
~d(~r, t) =
∑
n,l,m
anlm
{
ξrnl(r)Y
m
l (θ, φ)eˆr + ξ
h
nl(r)
[
∂Y ml
∂θ
eˆθ +
1
sin θ
∂Y ml
∂φ
eˆφ
]}
exp {i(ωnlt− αnlm)}
(32)
where, ξrnl(r), ξ
h
nl(r) are the radial and horizontal components of the displacement eigenfunc-
tions respectively, and eˆr, eˆθ and eˆφ are unit vectors in r, θ and φ directions respectively (see
Appendix A, Figure 5).
Thus, the observed Doppler signal on the solar surface is the projection of the displace-
ment vector onto the line-of-sight direction. Without loss of generality we take the x-axis as
the line-of-sight direction, hence the projection is just ~d(~R, t) · eˆx, where eˆx is the unit vector
along the x-axis and is given by (see Appendix A, equation (46))
eˆx = eˆr sin θ cosφ+ eˆθ cos θ cosφ− eˆφ sinφ (33)
The Doppler signal on the solar surface is obtained by taking the dot product between ~d(~R, t)
and the line of sight direction eˆx, and is therefore d
x(~R, t) = ~d(~R, t) · eˆx =
∑
n,l,m d
x
nlm(
~R, t).
For a mode (l, m, n) it is
dxnlm(
~R) = anlmξ
r
nl(R)
{
Y ml (θ, φ) sin θ cos φ+ βnl(R)
[
∂Y ml (θ, φ)
∂θ
cos θ cosφ− sinφ
sin θ
∂Y ml (θ, φ)
∂φ
]}
(34)
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where,
βnl(R) =
ξhnl(R)
ξrnl(R)
=
g(R)bc
Rω2nl
≈ g(R)bc
Rω2o
=
bc
σ2
(35)
The ratio of horizontal to radial component βnl(R) shows dependence in frequency, and
since the solar modes are band-limited in frequency, and peaked around ωo, we replace the
frequency ωnl by a constant ωo = 2πνo. Here, g is the acceleration due to gravity at the solar
surface, σ is the dimensionless frequency and bc is a factor that depends on the boundary
condition used at the solar surface r = R. For the solar 5-min oscillations σ2 = Rω
2
o
g
≈ 1000,
and for the boundary condition that the Lagrangian pressure perturbation vanishes at the
solar surface: at r = R, δp = 0, leads to bc = 1, and this shows that at the solar surface
the radial component dominates. For other types of boundary conditions the factor bc may
depend on L. If one selects waves with other frequencies, which are peaked around ν1
instead of νo = 3.3 mHz for the 5 minute oscillations, then the value of σ
2 at ν1 can be easily
calculated from σ21 ≈ 1000
(
ν1
3.3
)2
.
With the time dependence the Doppler signal is
dxnlm(
~R, t) = dxnlm(
~R) exp {i(ωnlt− αnlm)} (36)
The cross-correlation ψd
x
fp
(~R1, ~R2, τ) can be computed for the phase speed filtered Doppler
signal dxfp(R, θ, φ, t) =
∑
n,l,m Fp(L, ωnl)d
x
nlm(
~R, t) in a similar manner as for equation (12)
and involves the product of the projected line of sight Doppler signals at the two locations
A (θ1, φ1) and B (θ2, φ2) on the solar surface (See Figures 6 and 8). Here we have replaced
anlmξ
r
nl(R) by the Gaussian frequency function Gl(ω), which models the amplitude of the
solar modes.
ψd
x
fp
(~R1, ~R2, τ) =
1
T
T∫
0
dxfp(
~R1, t)d¯
x
fp
(~R2, t+ τ)dt (37)
In evaluating this cross-correlation we need the summation over m of the spherical harmonics
and its derivatives, which are given in Appendix C.
Collecting all the sums over m we define the total sum (see Appendix C equations
(95)-(98))
dxnl(
~R1, ~R2) =
∑
m
dxnlm(
~R1)d
x
nlm(
~R2) = f0Pl(cos∆) + f1
dPl(cos∆)
d∆
+ f2
d2Pl(cos∆)
d∆2
(38)
Substituting the expressions for Pl(cos∆) and its derivatives from Appendix B equations
(56), (57) and (58), we obtain for large l, small ∆, such that L∆ is large
dxnl(~R1, ~R2) =
√
2
πL∆
[
f0 cos
(
L∆− π
4
)
− lf1 sin
(
L∆− π
4
)
− l2f2 cos
(
L∆− π
4
)]
(39)
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where L =
√
l(l + 1) and l = (L− 1
2
). Equation (39) can be written as
dxnl(
~R1, ~R2) =
√
2
πL∆
[
Al cos
(
L∆− π
4
)
−Bl sin
(
L∆− π
4
)]
= Cl
√
2
πL∆
cos
(
L∆− π
4
+ ζ
)
(40)
where, the phase factor ζ(θ1, φ1, θ2, φ2) = tan
−1 (Bl/Al), Al = (f0 − l2f2), Bl = lf1 and
Cl =
√
A2l +B
2
l . The value of L outside the trigonometric functions is evaluated at ωo and
is L(ωo) =
ωo
Vp
= ωoτp
∆
. The phase factor ζ in general is a function of frequency ωnl, but since
the solar oscillations are band-limited and their power is peaked at the frequency ωo, ζ is
evaluated at the central frequency ωo. This also simplifies the evaluation of the integral, and
a closed form expression can be derived. The phase shift ζ is measured in radians but can
be converted to units of time by dividing by ωo.
The cross-correlation is
ψd
x
fp
(~R1, ~R2, τ) =
∑
n,l
F 2p (L, ωnl)G
2
l (ωnl) cos(ωnlτ)d
x
nl(
~R1, ~R2) (41)
Substituting the expression for dxnl(
~R1, ~R2) from equation (40) into equation (41) and trans-
forming the product of the cosines to a sum we obtain
ψd
x
fp
(~R1, ~R2, τ) =
∑
Vp
2πCl
L
√
π∆
1
2π
√
L
2
∑
ωnl
F 2p (L, ωnl)G
2
l (ωnl) [f+h(ωnlτ, ζ) + f−h(ωnlτ, ζ)]
(42)
where, f+h(ωnlτ, ζ) = cos
(
ωnlτ − L∆+ pi4 − ζ
)
and f−h(ωnlτ, ζ) = cos
(
ωnlτ + L∆− pi4 + ζ
)
correspond to positive and negative time lags respectively. Evaluating the inner sum in
equation (42) in a similar manner as in equation (21) one obtains
ψd
x
fp
(~R1, ~R2, τ, Vp) = Afp(δω, δf , τ, τg, τp) cos
{
ωfp(τ − τfph) +
π
4
}
(43)
The shifted phase travel time τfph due to the horizontal component is therefore,
τfph = τfp +
ζ
ωfp
(44)
Summing equation (43) over phase velocities we get the final cross-correlation.
ψd
x
fp
(~R1, ~R2, τ) =
∑
Vp
2πCl
L
√
π∆
ψd
x
fp
(~R1, ~R2, τ, Vp) (45)
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In deriving this equation we used the asymptotic formula for the Legendre functions, which
allowed us to obtain the explicit expression for the phase shift. We verified by direct nu-
merical calculations of the cross-covariance functions that this approximation is sufficiently
accurate. A comparison of the analytical formula in equation (40) for dxnl(
~R1, ~R2) with the
direct numerical mode summation is shown in Figure 1. This approximation holds when the
travel times are much greater than the oscillation period of five minutes, which is the case
for typical time-distance measurements.
-180 -120 -60 0 60 120 180
γ1
4.0
4.2
4.4
4.6
4.8
5.0
d n
,l
x 
  
(R
1,
R
2)
Fig. 1.— Comparison of function dxnl(
~R1, ~R2), calculated numerically by direct mode sum-
mation given by the middle term in equation 38 (solid curve) and the analytical expression
equation 40 (dotted curve). In this example, the central ~R1 point is located at θ1 = 60
◦ and
φ1 = 30
◦, point ~R2 is located at a distance ∆ = 8.4
◦ from ~R1, and the angle, γ1 between the
directions from ~R1 to the North pole and point ~R2 varies from −180◦ to 180◦, as illustrated
in Figure 6, Appendix D.
From the equations (39) and (41) we observe that the cross-correlation of the Doppler
line of sight velocity involving the horizontal component of the displacement is a weighted
sum of the phase speed filtered Gabor wavelets, with the weights depending on the location
(θ1, φ1, θ2, φ2) of the two points being cross-correlated, and the angular degree l of the modes.
– 13 –
This weighted sum can be conveniently combined incorporating a phase factor into the cosine
term.
From equation (44) we see a shift in phase travel times due to the horizontal component
in addition to that introduced by the phase speed filtering. In Figure 2, we see a variation
in the travel time shift due to the horizontal component as we move point B (see Appendix
E, Figure 8) around the annulus by changing the angle γ1 (see Appendix D, Figure 6), cross
correlating with the fixed point A. Figure 3 illustrates the phase shift for the projection
on the solar disk. The greatest phase shift changes happen for the outmost points in the
direction from the disk center.
Averaging the travel time shift over the annular angle γ1, for different horizontal dis-
tances ∆ and distances from disk center η, to simulate the observed mean travel times, we
show in Figure 4 that this time shift increases (becomes more negative) as we go away from
disk center and also for increasing horizontal distances. The shifts are quite appreciable, on
the order of a few seconds, and have been observed in the real data from SOHO/MDI (Duvall
2003). At disk center C, (see Appendix E, Figure 7) which according to our convention is at
(y, z) = (0, 0), which is the origin of the YZ plane perpendicular to the line of sight direction
eˆx. In polar coordinates the disk center is specified by (θ, φ) = (
pi
2
, 0), at which the horizontal
component is zero in equation (34), and the radial component is maximum. We see from
Figure 2, when point A is at disk center, the time shift is independent of γ1, moreover there
will always be a small travel time shift for this case since point B is at a distance ∆ from
the disk center, and it has a non-zero horizontal component that when cross-correlated with
the radial component of the signal at point A, which is at disk center, leads to a travel time
shift.
3. Dispersive and Non-Dispersive Wave packets: Relation to the Gabor
Wavelet without Phase Speed Filtering
A dispersive medium is where the phase velocity Vp is quite different from the group
velocity Ug (Lighthill 1978; Whitham 1974). Due to this for a fixed distance ∆, the group
and phase travel times are different. In the solar case the wave packets that travel short
distances, probe the outer layers of the Sun, which are quite dispersive due to the presence
of large gradients. Hence the wave packets got by the cross-correlation in equations (26) and
(27) are distorted as they travel through the medium. Moreover, the approximations made
by retaining only the first order terms in the Taylor expansion of the dispersion relation in
equation (8) may be inadequate to completely model the physical effects associated with
small distances, hence care must be exercised in interpreting the results got by using these
– 14 –
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Fig. 2.— Phase shift (Y axis) ζ
ωo
in seconds as a function of angle γ1 (X axis) in degrees.
The top most row corresponds to φ1 = −10 degrees, the next rows are in increments of
10 degrees. The left most column corresponds to θ1 = 90 degrees, the other columns are
in decrements of 10 degrees. With this convention the left most plot of the second row
corresponds to (θ1, φ1) = (90
◦, 0◦), for the annulus central point A, which is at disk center
C. The star (*), plus (+) and cross (x) lines respectively in each plot correspond to ∆ =
9.84, 15.36 and 20.64 degrees, and τp = 58.89, 69.24 and 77.01 minutes respectively. In this
figure there is no shift due to phase speed filtering.
wavelets for small distances.
On the other hand, wave packets that travel large angular distances ∆, probe the deeper
layers of the Sun, that are weakly dispersive, and hence undergo less distortion. It is quite
interesting to note that the Gabor wavelet in equation (31), in the absence of the phase speed
filter is got in the non-dispersive limit of equations (26) and (27) when Rg = Rp = 0, that is
τg = τp = τph, for the intensity or line depth signal which has only the radial component. This
is quite intuitive since in this limit there is no phase speed filtering, and Fp(L, ω) = 1, hence
the phase speed filtered signal in equation (11) reduces to the frequency band-limited signal
– 15 –
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Fig. 3.— Illustration of the phase shift variations for a projection on the solar disk. The
travel times are measured between the central point, located at θ1 = 60 degrees and φ1 = 30
degrees, and surrounding points at distance ∆ = 8.4 degrees and corresponding τp = 55.59
minutes. The size of the symbols is proportional to the magnitude of the phase shifts which
varies from -0.07 to -0.12 radians (corresponding to travel time shifts from -3.5 seconds to
-5.5 seconds). In this Figure there is no phase speed filtering.
in equation (5). This is consisted both physically and mathematically. To form wave packets
the medium need not be dispersive. Waves in a range of frequencies and wave lengths can
interfere to form a wave packet. The wave packets that travel through a dispersive medium
are distorted, where as those through a non-dispersive medium are not distorted, but retain
their original shape.
The dimensionless quantities Rp and Rg measure the amount of deviation from non-
dispersiveness. Hence to fit the observed temporal cross-correlation for the intensity or line
depth signal where, Rg and Rp are small, there will be little error in using the Gabor wavelet
of equation (31), since the new Gabor wavelet of equations (26) and (27) is very close to
the old Gabor wavelet (Kosovichev & Duvall 1997; Giles 1999) in this non-dispersive or
weakly dispersive limit for the line depth or scalar intensity signal that have only the radial
component.
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Fig. 4.— The mean phase shift in seconds (Y axis) got by averaging ζ
ωo
over the annular
angle γ1 as a function of ratio with respect to solar radius of distance of the central point
A from disc center C, η
R
(X axis). The star (*), plus (+) and cross (x) lines respectively
correspond to ∆ = 9.84, 15.36 and 20.64 degrees, and τp = 58.89, 69.24 and 77.01 minutes
respectively. We observe a maximum travel time shift of about 6 seconds. This plot has
no phase speed filtering, whose effect can be removed by choosing Vph appropriately (see
Sec.2.1).
4. Conclusion
In this paper we introduce a mathematical formalism to deal with the horizontal com-
ponent of the displacement, which is used to derive a new formula to estimate travel times
in time-distance helioseismology. It models the observed cross-correlation, by considering
both the radial and horizontal components of the displacement, and also includes the phase
speed filter on the frequency band-limited solar oscillations. The form of the Gabor wavelet
is retained by the present formula, and in the non-dispersive limit for the line depth or inten-
sity observations it reduces to the previously used Gabor wavelet that was derived without a
phase speed filter, considering only the radial component. Including the horizontal compo-
– 17 –
nent, the cross-correlation is a weighted sum of phase speed filtered Gabor wavelets, with the
weights depending on the angular position of the two points being cross-correlated, and the
angular degree of the modes. Due to the phase speed filtering and inclusion of the horizontal
component of the displacement, shifts in phase travel times are observed. In particular,
the horizontal component induces a systematic shift in travel times, whose absolute value
increases as we go away from disk center and also for large horizontal distances. This will
in turn have implications in the inversions to study flows and the sub-surface properties in
the Sun and also to formulate other local helioseismic approaches that involve the horizontal
component.
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6. Appendix A
We define the spherical coordinate system used in this paper (see Figure 5).
Consider fixed cartesian unit vectors (eˆx, eˆy, eˆz) and the corresponding spherical unit
vectors (eˆr, eˆθ, eˆφ) that vary with the angles (θ, φ). The equations relating these sets of unit
vectors are
eˆx = eˆr sin θ cosφ+ eˆθ cos θ cosφ− eˆφ sinφ (46)
eˆy = eˆr sin θ sin φ+ eˆθ cos θ sin φ+ eˆφ cosφ (47)
eˆz = eˆr cos θ − eˆθ sin θ (48)
Any point (x, y, z) in spherical coordinates (r, θ, φ) is x = r sin θ cosφ, y = r sin θ sinφ
and z = r cos θ. Consider two points A (θ1, φ1) and B (θ2, φ2) on the solar surface r = R
(see Figure 6, Appendix D), with coordinates ~R1 = (x1, y1, z1) and ~R2 = (x2, y2, z2), the
This preprint was prepared with the AAS LATEX macros v5.2.
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Fig. 5.— Spherical Coordinate System. The line of sight direction is along eˆx.
angular distance ∆ between them can be calculated by taking the dot product of the unit
vectors at these two locations and is given by
cos∆ =
(~R1 · ~R2)
R2
=
x1x2 + y1y2 + z1z2
R2
(49)
where, (x1, y1, z1) = (R sin θ1 cosφ1, R sin θ1 sin φ1, R cos θ1) and
(x2, y2, z2) = (R sin θ2 cosφ2, R sin θ2 sin φ2, R cos θ2) (see Figure 6, Appendix D). Substitut-
ing this into equation (49) we obtain
cos∆ = cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ1 − φ2) (50)
7. Appendix B
We derive various approximations for Pl(cos∆) and its derivatives for large l, small ∆
and large L∆ following the approach of (Jackson 1999).
Pl(cos∆) ≈ J0
[
(2l + 1) sin
(
∆
2
)]
≈
√
2
πL∆
cos
(
L∆− π
4
)
(51)
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From the recursion relation (Jackson 1999),
sin∆
dPl(cos∆)
d∆
− l cos∆Pl(cos∆) + lPl−1(cos∆) = 0 (52)
For small ∆ equation (52) becomes,
∆
dPl(cos∆)
d∆
− lPl(cos∆) + lPl−1(cos∆) = 0 (53)
Differentiating equation (52) with respect to ∆ gives
sin∆
d2Pl(cos∆)
d∆2
− (l − 1) cos∆dPl(cos∆)
d∆
+ l
dPl−1(cos∆)
d∆
+ l sin∆Pl(cos∆) = 0 (54)
For small ∆ and large l, equation (54) becomes,
∆
d2Pl(cos∆)
d∆2
− l dPl(cos∆)
d∆
+ l
dPl−1(cos∆)
d∆
+ l∆Pl(cos∆) = 0 (55)
Now for small ∆, large l and large L∆ the various approximations are after using the recursion
relations from equations (53) and (55)
Pl(cos∆) ≈
√
2
πL∆
cos
(
L∆− π
4
)
(56)
dPl(cos∆)
d∆
≈ −l
√
2
πL∆
sin
(
L∆− π
4
)
(57)
d2Pl(cos∆)
d∆2
≈ −l2
√
2
πL∆
cos
(
L∆− π
4
)
(58)
8. Appendix C
Using the addition theorem of the derivatives of spherical harmonics (Winch and Roberts
1995), we derive the expressions for the terms in equation (38).
The angular distance ∆ is,
cos∆ = cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ1 − φ2) (59)
Differentiating equation (59) with respect to θ1, θ2, φ1 and φ2 we obtain
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∂∆
∂θ1
=
sin θ1 cos θ2 − cos θ1 sin θ2 cos(φ1 − φ2)
sin∆
= cos γ1 (60)
∂∆
∂θ2
=
cos θ1 sin θ2 − sin θ1 cos θ2 cos(φ1 − φ2)
sin∆
= cos γ2 (61)
∂∆
∂φ1
=
sin θ1 sin θ2 sin(φ1 − φ2)
sin∆
= sin θ1 sin γ1 (62)
∂∆
∂φ2
= −sin θ1 sin θ2 sin(φ1 − φ2)
sin∆
= − sin θ2 sin γ2 (63)
The expressions in equations (60)-(63) can be equated to sine and cosine functions of
γ1 and γ2 (Winch and Roberts 1995), which are shown in Figure 6, Appendix D using the
results of spherical trigonometry (Smart 1977).
According to the addition theorem of spherical harmonics (Jackson 1999)
srrnl =
∑
m
Y ml (θ1, φ1)Y¯
m
l (θ2, φ2) =
(2l + 1)
4π
Pl(cos∆) (64)
For notational convenience we denote Nl =
(2l+1)
4pi
. Differentiating equation (64) with
respect to θ2 and applying the chain rule leads to
srθnl =
∑
m
Y ml (θ1, φ1)
∂Y¯ ml (θ2, φ2)
∂θ2
= Nl
dPl(cos∆)
d∆
∂∆
∂θ2
(65)
Differentiating equation (64) with respect to φ2 and applying the chain rule leads to
srφnl =
∑
m
Y ml (θ1, φ1)
∂Y¯ ml (θ2, φ2)
∂φ2
= Nl
dPl(cos∆)
d∆
∂∆
∂φ2
(66)
Differentiating equation (64) with respect to θ1 and applying the chain rule leads to
sθrnl =
∑
m
∂Y ml (θ1, φ1)
∂θ1
Y ml (θ2, φ2) = Nl
dPl(cos∆)
d∆
∂∆
∂θ1
(67)
Differentiating equation (67) with respect to θ2 and applying the product and chain rule
gives
sθθnl =
∑
m
∂Y ml (θ1, φ1)
∂θ1
∂Y¯ ml (θ2, φ2)
∂θ2
= Nl
[
∂∆
∂θ1
∂∆
∂θ2
d2Pl(cos∆)
d∆2
+
∂
∂θ2
(
∂∆
∂θ1
)
dPl(cos∆)
d∆
]
(68)
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Differentiating equation (67) with respect to φ2 and applying the product and chain
rule gives
sθφnl =
∑
m
∂Y ml (θ1, φ1)
∂θ1
∂Y¯ ml (θ2, φ2)
∂φ2
= Nl
[
∂∆
∂θ1
∂∆
∂φ2
d2Pl(cos∆)
d∆2
+
∂
∂φ2
(
∂∆
∂θ1
)
dPl(cos∆)
d∆
]
(69)
Differentiating equation (64) with respect to φ1 and applying the chain rule leads to
sφrnl =
∑
m
∂Y ml (θ1, φ1)
∂φ1
Y¯ m1 (θ2, φ2) = Nl
dPl(cos∆)
d∆
∂∆
∂φ1
(70)
Differentiating equation (70) with respect to θ2 and applying the product and chain rule
gives
sφθnl =
∑
m
∂Y ml (θ1, φ1)
∂φ1
∂Y¯ ml (θ2, φ2)
∂θ2
= Nl
[
∂∆
∂φ1
∂∆
∂θ2
d2Pl(cos∆)
d∆2
+
∂
∂θ2
(
∂∆
∂φ1
)
dPl(cos∆)
d∆
]
(71)
Differentiating equation (70) with respect to φ2 and applying the product and chain
rule gives
sφφnl =
∑
m
∂Y ml (θ1, φ1)
∂φ1
∂Y¯ ml (θ2, φ2)
∂φ2
= Nl
[
∂∆
∂φ1
∂∆
∂φ2
d2Pl(cos∆)
d∆2
+
∂
∂φ2
(
∂∆
∂φ1
)
dPl(cos∆)
d∆
]
(72)
Now using equations (34), (64)-(72) we obtain for the various terms in equation (38)
s1nl = sin θ1 cos φ1 sin θ2 cosφ2s
rr
nl = f
rr
10 (θ1, φ1, θ2, φ2)Pl(cos∆) (73)
For notational convenience we denote the angular coordinates of points ~R1 and ~R2 by
~a12 = (θ1, φ1, θ2, φ2)
s2nl = βnl(R) sin θ1 cosφ1 cos θ2 cosφ2s
rθ
nl = f
rθ
21 (~a12)
dPl(cos∆)
d∆
(74)
s3nl = −βnl(R) sin θ1 cosφ1
sin φ2
sin θ2
srφnl = f
rφ
31 (~a12)
dPl(cos∆)
d∆
(75)
s4nl = βnl(R) cos θ1 cosφ1 sin θ2 cosφ2s
θr
nl = f
θr
41 (~a12)
dPl(cos∆)
d∆
(76)
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s5nl = [βnl(R)]
2 cos θ1 cosφ1 cos θ2 cosφ2s
θθ
nl = f
θθ
52 (~a12)
d2Pl(cos∆)
d∆2
+ f θθ51 (~a12)
dPl(cos∆)
d∆
(77)
s6nl = −[βnl(R)]2 cos θ1 cosφ1
sinφ2
sin θ2
sθφnl = f
θφ
62 (~a12)
d2Pl(cos∆)
d∆2
+ f θφ61 (~a12)
dPl(cos∆)
d∆
(78)
s7nl = −βnl(R)
sin φ1
sin θ1
sin θ2 cosφ2s
φr
nl = f
φr
71 (~a12)
dPl(cos∆)
d∆
(79)
s8nl = −[βnl(R)]2
sin φ1
sin θ1
cos θ2 cosφ2s
φθ
nl = f
φθ
82 (~a12)
d2Pl(cos∆)
d∆2
+ fφθ81 (~a12)
dPl(cos∆)
d∆
(80)
s9nl = [βnl(R)]
2 sinφ1
sin θ1
sin φ2
sin θ2
sφφnl = f
φφ
92 (~a12)
d2Pl(cos∆)
d∆2
+ fφφ91 (~a12)
dPl(cos∆)
d∆
(81)
Where we evaluate the derivatives of ∆ with respect to θ1, θ2, φ1 and φ2 using equa-
tions (60)-(63) and the equations from (Winch and Roberts 1995), we obtain the following
expressions
f rr10 (~a12) = Nl sin θ1 cos φ1 sin θ2 cosφ2 (82)
f rθ21 (~a12) = Nlβnl(R) sin θ1 cosφ1 cos θ2 cosφ2 cos γ2 (83)
f rφ31 (~a12) = Nlβnl(R) sin θ1 cosφ1 sinφ2 sin γ2 (84)
f θr41 (~a12) = Nlβnl(R) cos θ1 cosφ1 sin θ2 cosφ2 cos γ1 (85)
f θθ51 (~a12) = −Nl[βnl(R)]2 cos θ1 cosφ1 cos θ2 cosφ2
sin γ1 sin γ2
sin∆
(86)
f θθ52 (~a12) = Nl[βnl(R)]
2 cos θ1 cosφ1 cos θ2 cosφ2 cos γ1 cos γ2 (87)
f θφ61 (~a12) = Nl[βnl(R)]
2 cos θ1 cosφ1 sinφ2
sin γ1 cos γ2
sin∆
(88)
f θφ62 (~a12) = Nl[βnl(R)]
2 cos θ1 cosφ1 sinφ2 cos γ1 sin γ2 (89)
fφr71 = −Nlβnl(R) sinφ1 sin θ2 cosφ2 sin γ1 (90)
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fφθ81 (~a12) = −Nl[βnl(R)]2 sinφ1 cos θ2 cosφ2
cos γ1 sin γ2
sin∆
(91)
fφθ82 (~a12) = −Nl[βnl(R)]2 sinφ1 cos θ2 cosφ2 sin γ1 cos γ2 (92)
fφφ91 (~a12) = Nl[βnl(R)]
2 sin φ1 sin φ2
cos γ1 cos γ2
sin∆
(93)
fφφ92 (~a12) = −Nl[βnl(R)]2 sin φ1 sinφ2 sin γ1 sin γ2 (94)
In computing the cross correlation in equation (41), we need to evaluate dxnl(
~R1, ~R2) in
equation (38) as
dxnl(~R1, ~R2) =
∑
m
dxnlm(~R1)d
x
nlm(~R2) =
9∑
i=1
sinl = f0Pl(cos∆) + f1
dPl(cos∆)
d∆
+ f2
d2Pl(cos∆)
d∆2
(95)
where,
f0(~a12) = f
rr
10 (96)
f1(~a12) = f
rθ
21 + f
rφ
31 + f
θr
41 + f
θθ
51 + f
θφ
61 + f
φr
71 + f
φθ
81 + f
φφ
91 (97)
f2(~a12) = f
θθ
52 + f
θφ
62 + f
φθ
82 + f
φφ
92 (98)
9. Appendix D
In this appendix we derive the angular coordinates (θ2, φ2) of point B on the annulus,
which is at a fixed annular angle γ1 and a given angular distance ∆ from the fixed point A
with angular coordinates (θ1, φ1) at the center of the annulus. We use equations (59) and
(60) from Appendix C to express the angular coordinates of B in terms of the fixed angles
(θ1, φ1, γ1,∆). The geometry for the calculation is shown in Figure 6.
cos∆ = cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ1 − φ2) (99)
sin∆ cos γ1 = sin θ1 cos θ2 − cos θ1 sin θ2 cos(φ1 − φ2) (100)
We now consider the case when the two points are close together, which is true for small
distances ∆. They are related as θ2 = θ1 + δθ1 and φ2 = φ1 + δφ1, for small increments δθ1
and δφ1. The equations (99) and (100) can be expanded in terms of the increments, and
using the standard trigonometric approximations for small angles sin θ ≈ θ and cos θ ≈ 1− θ2
2
we obtain,
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Fig. 6.— The Spherical Triangle showing ∆, which is the angular separation of the great
circle arc between points A and B on the solar surface. Here, N is the North pole.
δθ1 = ∆
[
1− sin
2 γ1 sin
2 θ1
sin2 θ1 − ∆2 cos γ1 sin 2θ1
] 1
2
(101)
δφ1 =
∆sin γ1[
sin2 θ1 − ∆2 cos γ1 sin 2θ1
] 1
2
(102)
For fixed ∆ and γ1 we use equations (101) and (102) to calculate (θ2, φ2) for small
angular separation. For larger separations we can solve the linear equations (99) and (100)
to calculate θ2, and equation (62) to compute φ2, and equations (61) and (63) to calculate
cos γ2 and sin γ2 respectively.
10. Appendix E
In this appendix we consider the orthographic projection shown in Figure 7, where the
points on the surface of the Sun are projected onto the Y Z plane P, which is perpendicular
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Fig. 7.— Orthographic projection. The point C is the disk center and η measures the
distance from C to any projected point (Y,Z) on the orthographic plane P, which is at
x = R. Any point A
′
on the solar surface is specified by (θ1, φ1) or the angle φ1 and the
distance η.
to the line of sight direction eˆx. The origin O is at the center of the Sun of radius R. We
denote a point A
′
on the solar surface as (x, y, z) with axis xyz and as (Y, Z) the coordinate
of the same point projected as A on the projection plane P with axis Y Z. The x axis is
perpendicular the the projection plane. The projection is oriented with north along +y axis
and east along the +z axis. The projection is centered at co-latitude of 90◦ and longitude
of 0◦. With this convention, the north pole N has coordinates (0, R, 0), the south pole S is
(0,−R, 0), and the point of tangency C between the sphere and the plane is (R, 0, 0). The
point C is also called the disk center. The projection plane is x = R. The coordinates of
any point A
′
with co-latitude θ1 and longitude φ1 on the solar surface are
(x, y, z) = (R sin θ1 cosφ1, R sin θ1 sin φ1, R cos θ1) (103)
The equation of the sphere is x2 + y2 + z2 = R2. The coordinates of the same point on the
plane are (Y, Z) = (y, z). The point of tangency C between the sphere and the plane is the
disk center and has coordinates (Y, Z) = (0, 0) on the plane. Hence, the distance from the
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Fig. 8.— Projected Disc. This shows the annulus D∆ of radius ∆ around the point A (θ1, φ1)
on the solar surface. The cross correlation is computed between the annulus center A and a
point B (θ2, φ2) on the solar surface, that has an angular separation of ∆ from A. The point
A is at a distance η from the disk center C, (θc, φc) = (
pi
2
, 0).
disk center C (0, 0) to any point A (Y, Z) on the plane P is denoted by η, which is fixed
for each computation of the cross correlation. Any point A
′
on the solar surface and hence
the corresponding projection A on the plane P can be specified by (θ1, φ1) or alternatively
by the two parameters η and the angle φ1. In Figure 8, the center to annulus geometry is
shown with the fixed center point A (θ1, φ1), which is at a distance η from disk center C
(Y, Z) = (0, 0), and a point B (θ2, φ2) is on the annulus D∆ of radius ∆.
η = (Y 2 + Z2)
1
2 = (y2 + z2)
1
2 = (R2 − x2) 12 = R(1− sin2 θ1 cos2 φ1) 12 (104)
The angular coordinates of the disk center C, are (θc, φc) = (
pi
2
, 0). When the point A
is at the disk center (θ1, φ1) = (90
◦, 0◦), and hence the distance η = 0. For fixed values of
(∆, γ1), together with the coordinates (θ1, φ1) of the annulus center A, we can compute the
coordinates (θ2, φ2) of point B on the annulus by solving the linear system of equations (99)
and (100) to get θ2 and solving equation (62) to compute φ2.
